MULTIPLE INTEGRALS - TASKS ( VI PART)
Triple integrals

If the function f'(x, y, z) is continuous in V, which is determined by

X <x<x,
X ¥ (x) z(x.p)
Ve 290 <y <) then  [[[f(x,y,2)dxdydz= [dx [dy [ f(x,p,2)dz
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Some professors prefer a different record:
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You certainly do what your teacher requires.

In fact, both records indicate that you first solve the integral "by z", then"by y", and at the
end “by x”

This rank in the integration is not required. Depending on the specific situation we can
change order of integration...
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This would mean that first we work “by y", then" by z" and at the end “by x". And so on ..

Example 1.

1 2 3
Calculate the value of the triple integral: j de- dyJ- dz .
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Solution:

Here we have given the limits and the order of integration, just to solve

So, first solve j'dxj dy jdz
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dyzjdxj-3dy:3jdx jdy =3j-y ﬁdx=3j-2dx=6j.dx=6-1=6
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Now this



Or, we can write:
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Example 2.

Calculate the value of the triple integral : J:[ .[ (x+y+z)dxdydz if V is givenby 0<x <1,
Vv

0<y<l, 0<z<1

Solution:

First, we do " by z"in this situation, x and y are viewed as constants.

.UJ- (x+ y+z)dxdydz =

F({{fcoreo o o] (Heoe2)

0 0 0

(l)dyjdx:j (j;(x+y+%jdy]dx
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Now solve "by y" and x treated as a constant.

(oo (o520

0 0 0

1 1
11
dx:J;(x+5+E)dx :J;(x-i-l)dx

Finally we solve the ordinary integral "by x":
1 3

1 x2 1
I(x+1)dx: Z+x|| =—+1=|=
0 2 0 2 2

Example 3.

Calculate the value of the triple integral: .UJ- ycos(z+x)dxdydz if V is limited with the
V
cylinder y =+/x and with planesy=0, z=0 and x+z= % .

Solution:

Here , we do not have borders, so we must first to determine them:
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x+z:3—>z:5—x and we have Oézéz—x

To determine how “behave” x and y, we draw image in plane z =0
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It is clear that 0< y<+/x ,and 0<x< 5

Now, we can solve integral :

N
chos(z+x)dz ly ldx
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IH ycos(z + x)dxdydz =

First we do:

Vi v
Zx =

2. 2 K
j ycos(z+x)dz =y j cos(z +x)dz = ysin(z + x)| 2
0 0

g y(sin(f—x+x)—sin(0+x)j
. 2

= y(sin%—sin(x)j =y(1-sinx)

Return to:

T
“—x
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IHy cos(z + x)dxdydz = j \/J: j ycos(z+x)dz dy |dx = j’ﬁ'} y(l —sin x)dy}dx

Now:

Jx yz [% ¥
y(1-sinx)dy = (1—-sinx) .[ ydy = (1—sinx)7 = (l—sinx)z
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.[J-J-ycos(erx)dxdde :j T ZJ- ycos(z+x)dz dy ldx =
4 0

0 0

(l—sinx)%dx

O 0 | N
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N
(I y(l—sin x)dy}dx =

3
=%J-(x—xsinx)dx
0
Finally:
jﬂ ycos(z + x)dxdydz = l.zf(x —xsinx)dx = = 1
v 29 16 2
Example 4.

Calculate the value of the triple integral: ”J-\/xz +y’dxdydz if Visgivenwith x*+y*=z" and z=1.
Vv

Solution:

Find the intersection of the cone and the plane that will give us the limits:

X +y =2 Az=1

X +y =1

Here is convenient to use:
Cylindrical coordinates:

X=rcosQ
y=rsing —>|J|=r

zZ=Z

then I”f(x, v, z)dxdydz = J-J.J-f(r cos @, rsin @, z)drd pdz =Td¢)j mfr]Z fdz

0



Do not be confused, some professors do not take z = z, but rather that:
X=7rcose

y=rsing —|J|=r ,Butit essentially does not change things ....
z=h

So:

X’ +y =1
X =rcosQ ) N
y=rsing —|J|=r and then (reos@)” +(rsing)” = and 0<r<I1.
s r*(cos’ @ +sin’ @) =1

rP=l1-r=1
Angle takes the values 0<¢p<2r.

Yet to determine the limits of z.
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From above is plane and below is cone,so r<z<1 because +x’+y’ =r’=r

.m-\/xz + v dxdydz =?
V
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Example S.

2 2 2 2 2 2
Calculate the value of the triple integral: .[U (x_z + 2}—2 + Z—zj dxdydz if V'is given with Xy y—2 +Z
v\ a c
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Solution:

Here is convenient to use:
Spherical coordinates:

X =rcos@sinf

y=rsingsinf

z=rcosf

|[J|=r’sin@ From here we have x*+y*+z> =1’

Angles ¢ and @ we determine from task and take care that the most common:
r>200<p<2r,0<0<rx
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So: ¢ is angle in the plane z=0 and @ is angle in space ...

We can use (depending on the situation) and modified spherical coordinates (generalized):

X =arcos@sind
2 2 2
. . .oxT oy, B ) .
y =brsinpsin 6 and hereis —+=5+—=r" and |J|—abcr sin &
b~ ¢

Q

z=crcos@



In our task, we use these little modified spherical coordinates, because it is an ellipsoid!

So:

X =arcos@sind

y =brsinpsin 6 and from here is |J| = abcr’® sin @
z=crcosd
. xz y2 2 .
Why is STt r* 2 To prove this:
a c

X =arcos@sinf . .

Xy oz

St at
b- ¢

y =brsin@sin @ ;replace in

Q

z=crcosf
(arcos psin 9)2 (brsingsin 9)2 (crcos 0)2
2 + bZ + 2
a c
W2 cos? psin® 6 P2 sin? psin® 6 72 cos? 6 B
®o R R

r? cos’ @sin® @+ r*sin” psin® @+ cos> @ =

r*sin’ 9(0052 @ +sin’ go) +7r°cos’ @ =

r*sin* @ +r*cos’ 0 =1 (sin2 6 + cos? 9) =

We said that: 0<r;,0<p<27,0<0<7x sowe have only correction: 0<r<1; 0<p<27, 0<0<~x
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Now we can solve the integral:

m ( RES jdxdydz—abc]i do jdgoj r smerzdr—abcj sin 940 jdgoj ‘dr
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Now this is not difficult tofind solution, we get J'.[ j ( y— dedydz = 4—abc




Calculate the volume using triple integrals

Volume calculated from the formula V= jﬂdxdydz by V
Vv

Example 1.
Find a volume of the body limited with surfaces: z=x*+y*, z=2x"+2)*, y=x and y=x".
Solution:

This body is therefore limited by two paraboloids z = x* +y*, z=2x>+2y", with plane y = x and with
cylinder y =x".

Formula is used V = ﬂ j dxdydz
V
To determine the boundaries:

It is clear that x*+ 3> <z<2x>+2y” , and for x and y we look at the picture :

A

y

v

0<x<1, x*’<y<x

Now to find the volume:

X 2x2 +2}

V- jjjdxdydz jdxxjdny dz = Idxi 2;iiyd jdxlx+y )dy =
1 1 3 6
:.([(xzy+y?j;dx=1[(4%—x4—% X
y_3
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Example 2.

Find the volume of the body contained paraboloid 6-z=x’+y* and cone z° = x>+’
Solution:

Find the intersection:

=X+ A6—z=x"+)"

P =6-z
22 4+2z-6=0
z, =2
z,=-3

A

SR o S/ +y°
6
y
6-z=x"+)"
X

It is convenient to take the cylindrical coordinates:

X=rcosQ
y=rsing —>|J|:r

z=Z
We have :

X +y =4o5r’=4->5r=2

0<r<2

Angle

For paraboloid :6-z=x"+)* > 6—z=r> >z=6—r",forcone: z'=x>+)y" >z"=r> >z=r,

So:



Now we can calculate the volume:

V= J:U dxdydz = Td(pj- rdr4:|-r2 dz
vV 0 0 r

Here there are no problems, easy solved ...
32z
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Solution: |V

Example 3.

Calculate the volume of the body that limits the surface \/E 2+ \/g =1
a C

Solution:

This is one tricky situation when we have to use:

x = arcos” psin® @
y = brsin” ¢sin® 6
z=crcos” 0

Jacobian in this situation is:

|J|=aber? -a- -sin®* Ocos”™ Gsin” ' pcos” @

The basic periodis r>0,0<p<27,0<0<rx
We will take:

x =arcos’ psin* @
y =brsin* psin*

z=crcos* @
Jacobian will be::

|J| = aber® -4-4-sin**" @cos™™ Osin* ™ pcos'

|J|=16abcr? sin” @ cos® @sin’ pcos’ ¢

What are this replacement really good ?



. . : o [x [z
x =arcos* gpsin® @;y = brsin® psin® 8,z = crcos* @ replace in ,[—+ /= +,|= =1
a c

\/arcos4(osin4 0 +\/brsin4(osin4 0 +\/crcos4 0 _,
a b c

Jr cos? psin’ @+ sin® psin® 0 ++/r cos> 9 =1

x/;sinzﬁ(coszgzwsinz (o)+ rcos’@=1

Jrsin? @ ++/rcos’ 0 =1

\/;(sin2 0 +cos’ 6’) =1

Jr=1or=1-]0<r<i

There is in fact the biggest problem to find the limits for the angles....

The basic period is here r > 0,0 < ¢ <27;0 <6 <z, But it just tells us to what limits angles must be ...

In our task must be valid that:

x>0;,y>0;z>0 , Means that the angles must be in the first quadrant, that is:

0<p< and 0<6<
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Now we can move on to solving the integral, that is, calculating the volume:

V= J:” dxdydz = j-d(p'zf d@_i-16abcr2 sin’ @ cos’ @sin’ pcos’ pdr =
vV 0 0 0

v =[] dxdyaz = fdgoj d9j16abcr2 sin’ @ cos’ Osin® g cos’ pdr =
v 0 0 0

2 2 1
= 16abcI sin’ pcos’ god(oj' sin’ @ cos’ Hdﬁj ridr =
0 0

0
So, here we need to resolve three separate integrals, because the limits are not included in the second
integral ...

.[sin3 pcos’ pdp =?

Must make use knowledge of trigonometry ....

cos’ @ =cos’ @-cos @ = (1—sin’ @)-cos @ = cos @ —sin’ @ cos @

11



.[sin3 pcos’ pdp = J-sin3 (p(COS(p —sin” g cos q))d(p =

.[ (sin’ @ cos @ —sin’ g cos p)dp =

etc.

abc

Final solution will be: [V =—
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